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Abstract: This extended abstract considers PDE continua as approximations of large-scale
hyperbolic PDEs. The continuum approximation aspect is considered from the viewpoints
of approximating both solutions to hyperbolic PDEs and solutions to backstepping kernel
equations, which can be employed in stabilization of such systems. Finally, we provide discussion
on alternative ways of constructing continuum approximations, as well as on potential alternative

frameworks for PDE continua.
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1. INTRODUCTION

The notion of PDE continua was coined in Alleaume and
Krstic (2025) under the framework of infinite (continuum)
ensembles of hyperbolic PDEs, where the inspiration for
the class of systems came from traffic, such as lane-
free models as in Malekzadeh et al. (2021), or multi-
class models with continuum classes like drivers’ age.
Thereafter, Humaloja and Bekiaris-Liberis (2025¢c, 2026a)
established that such continuum hyperbolic PDEs can
act as continuum approximations of large-scale hyperbolic
PDEs, motivated by models of large-scale traffic networks
in Herty and Klar (2003); Yu and Krstic (2021); Burkhardt
et al. (2021), large-scale blood flow networks in Bikia
(2021); Reymond et al. (2009), and large-scale epidemics
spreading networks in Guan et al. (2020); Kitsos et al.
(2022).

Stabilization of hyperbolic PDEs using backstepping has
been actively studied for various classes of such systems.
Since the seminal work of Di Meglio et al. (2013) for n+1
hyperbolic systems, various classes of n + m hyperbolic
systems have also been addressed by Hu et al. (2016);
Auriol and Di Meglio (2016); Coron et al. (2017, 2021);
Auriol and Bresch-Pietri (2022). The class of continuum
hyperbolic PDEs considered in Alleaume and Krstic (2025)
can be viewed as a continuum counterpart of n + 1
systems as n — oo, and hence, we refer to it as oo +
1 hyperbolic system. The backstepping methodology has
been since extended to more general classes of continuum
PDEs in Humaloja and Bekiaris-Liberis (2026a,b), where
o0 4+ m and oo 4 oo hyperbolic systems, respectively, were
considered.

This extended abstract considers the recent developments
of continuum approximations of large-scale hyperbolic sys-
tems. For the sake of conciseness, we focus on n+1 and the
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respective oo 4+ 1 hyperbolic systems from Humaloja and
Bekiaris-Liberis (2025b,c), but the presented theory and
results also extend to n+m, co+m, and oo+ oo hyperbolic
systems; see Humaloja and Bekiaris-Liberis (2026a,b). Al-
ready in Alleaume and Krstic (2025), the co+1 continuum
ensemble was viewed as a continuum counterpart of the
n + 1 finite ensemble, and the formal connection between
these two systems was made in Humaloja and Bekiaris-
Liberis (2025c). In particular, we showed in Humaloja
and Bekiaris-Liberis (2025c) that, if the parameters of
an n + 1 and an oo + 1 system and the respective initial
conditions are connected appropriately, the solution to the
oo + 1 system acts as approximation of the solution to the
n+1 system. Moreover, an analogous approximation result
applies to the respective backstepping kernel equations,
such that a stabilizing state-feedback law for an n + 1
system can be designed based on the respective oo +
1 backstepping kernels. In Humaloja and Bekiaris-Liberis
(2025b), we developed a systematic numerical method for
solving co + 1 kernel equations based on the power series
approach from Vazquez et al. (2023a,b); Lin et al. (2024).
Comparison of solving the n + 1 and co + 1 kernels with
power series showed that the continuum approximation
approach of solving the oo + 1 kernels instead of the exact
n + 1 kernels gains in computational complexity when
n is sufficiently large, particularly as the continuum is
independent of n. Hence, the potential (and demonstrated)
gain in computational complexity is the main motivation
for studying continuum approximations of large-scale hy-
perbolic PDEs.

The rest of this extended abstract is organized as follows.
In Section 2, we present the class of co 4+ 1 hyperbolic
systems and show how its solution can act as a continuum
approximation of a respective (large-scale) n+1 hyperbolic
system. In Section 3, we apply the continuum approxima-
tion approach to PDE backstepping, and show that the
oo + 1 backstepping kernels can approximate the exact
n + 1 kernels and provide a stabilizing control law for the
n + 1 system. In Section 4 we discuss aspects related to
construction of continuum approximations and comment
on open problems.



Notation. We use the standard notation L?*(Q;R) for
real-valued Lebesgue integrable functions on a domain
Q € R? for some d > 1. For some n € N, we denote
E = L?([0,1]; R"*1), equipped with the inner product
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and the respective continuum space is denoted by E. =
L2([0,1]; L?([0,1]; R) x R) and equipped with the the inner
product
((01), (3 g, =
1 /1
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which can be viewed as a continuum limit of ¥ as n — oo.
Finally, we denote by 7 the triangular set

T={(z¢el0,1]?:£<a}. (3)

2. CONTINUUM APPROXIMATION OF
LARGE-SCALE HYPERBOLIC PDES

The class of co + 1 hyperbolic systems is of the form
ut(tv Zz, y) + )‘(‘Ta y)’ll,»,-(t, xz, y) =

/ o(x,y, Oult, 2, O + Wz, ot z),  (4a)
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with boundary conditions

u(t,0,y) = Q(y)v(t,0), v(t,1) =U(t). (5)
The aim of this section is to find such parameters
A, 0, W,0,Q of (4), (5) that the solution (u,v) would
approximate (in some appropriate sense) the solution
(u,v) of a respective (large-scale) n+ 1 hyperbolic system
of the form

w(t,z) + Alz)u,(t,z) = %2(1‘)11(157 x) + W(z)v(t, z),

(6a)
wlt, ) — (ot ) = ~O(w)u(t, ), (60)
with boundary conditions
u(t,0) = Qu(t,0), v(t, 1) =U(t), (7)
where the parameters are such that
A = diag (A1, ..., A,) € CH([0,1; R™™™),  (8a)
pe CH([0,1];R), (8b)
Z = (0i;); ;1 € C([0, 1;R™™), (8¢c)
W = (w;);_, € C([0,1];R"), (8d)
0 = (y,...,0,) € C([0,1]; R'*™), (8e)
Q= (@)= €R", (8f)
with A (z),..., A\ (x), u(z) > 0 for all z € [0,1].

In order to compare the solution to (4), (5) with the
solution to (6), (7), we transform the system (6), (7) from

E to E. by utilizing a linear transform JF,, that maps R" to
L?([0,1];R). That is, for any b = (b;)"_; € R™, we define
Fab = 30 biX((i=1)/n,i/n]> Where X(;_1)/n,i/n] denotes
the indicator function of the interval (i — 1)/n,i/n]. Now,
applying the transform F = diag(F,,1) to (6), (7) from
the left, we get

Foue(t, z) + Folh(z) FrFpug(t, ) =

LR FFala) + FW @), ()
ve(t, ) — p(x)v.(t,x) =
SO FFault ), (9h)
with boundary conditions
Fnu(t,0) = F,Qu(t,0), v(t, 1) = U(t), (10)
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where we used F: F,, = I, with Fig = <n i g(C)dC)
(i—1)/n
for any g € L?([0,1];R). Now, introducing a new variable
= Fpu and step functions o™, 8™, A", W Q™ such that
1
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the transformed system (9), (10) can be written equiva-
lently (on E.) as an co 4+ 1 hyperbolic system
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1
Jortanon
0

= FAF,, W'=F,W, Q"

"t x, ¢)d¢ + W (x,

y)u(t, x), (12a)
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with boundary conditions

u(t,0,y) = Q"(y)v(t,0),  o(t,1)=0U@).  (13)
As the solutions (u,v) and (u™,v) of the two systems (4),
(5) and (12), (13), respectively, depend continuously on
the respective parameters, we call (4), (5) a continuum
approximation of (12), (13) if the parameters of the former
are chosen such that, for a given (sufficiently small) ¢ > 0,
they satisfy
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The approximation property of the parameter as per (14)
is enough for designing approximate state-feedback laws
for large-scale n + 1 systems, as discussed in the next
section. For considering the proximity of solutions to



(4), (5) and (12), (13), one additionally needs to estab-
lish proximity of the initial conditions such that |ug —
Fuolz2(j0,1);22([0,1;r)) 1s sufficiently small. Under these
conditions (and identical inputs in (5), (13)), we have
shown that the solutions to (4), (5) and (12), (13) stay
(relatively) close to each other on compact time inter-
vals (Humaloja and Bekiaris-Liberis, 2025¢, Thm 6.1).
Moreover, this approximation property has been utilized
in continuum observer-based output-feedback design in
Humaloja and Bekiaris-Liberis (2025a).

3. APPLICATION TO STABILIZATION VIA
APPROXIMATION OF BACKSTEPPING KERNELS

A stabilizing backstepping state-feedback control law for
n + 1 systems (6), (7) can be constructed as

1
v = [ (K0 Out) + 0.0, ) as. (15)
0

where K = [K7, ..., K,] and L satisfy the kernel equations
w(@)Kq (x,€) — Ke (2, §)A(E) — K(z, A(§) =
K5, R + Lz, 08(6), (16
/J,(.%‘)Lx(l',f) + L§($7£)M(f) + (2575)# (f) =

~K(z,)W(E),  (16b)

on 7, with boundary conditions
—-O(z) = K(z,z)A(x) + p(z)K(zx, x), (17a)

1 1

L(z,0) = mEK(x,O)A(O)Q. (17b)

One could proceed on the basis of Section 2 and seek
for a continuum counterpart for the kernel equations by
applying F* to (16), (17) from the right! and using
FrFn = I,. Another approach would be to derive a stabi-
lizing backstepping control law for co + 1 systems directly.
Both approaches lead to continuum kernel equations

1
/ K(x,€,0)0(€,¢,y)d¢ + Lz, )0(€, ),
0

(18a)
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K(x, &, QW (E, ¢)dc,
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on 7 x [0,1], with boundary conditions

—0(z,y) = K(z,2,y)A(@,y) + p(2) K(z,z,y),  (19a)
L(,0) / K(r,0.0M0,0Q()d,  (19b)

and the respective stabilizing control law for (4), (5) is

L Or transposing (16), (17) and applying F from the left, which is
the approach taken in Humaloja and Bekiaris-Liberis (2025¢).

- / / K(L & y)ult. & y)dy + L E)o(t.€) | de.
0 0

(20)

Writing the first term in the control law (15) in terms of
= F,u, there is a step function K™ such that

/ K™ (L& g (4,6, y)dy = KL, OFm.  (21)
0

Conversely, if one inserts (u™,v) to (20), the first term

becomeb
/ KL & (1.6 p)dy = SR, Ou(t,8), (22
whereK:[Kl,...,f(n] with
Ro=n [ Kacndy (23)
(i—1)/n

It has been shown in (Humaloja and Bekiaris-Liberis,
2025¢, Lem. 4.3) that the difference of (K™, L) and (K, L),

as well as that of (K, L) and (K, L), tends to zero as & — 0
n (14). Consequently, by (Humaloja and Bekiaris-Liberis,
2025¢, Thm 4.1), the approximate control law

1
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0

exponentially stabilizes the n+ 1 system (6), (7), provided
that e in (14) is sufficiently small. The potential benefit of
the approximate control law (24) is that, instead of having
to solve n + 1 exact kernels from (16), (17), it is enough
to solve 2 kernels from (18), (19). While comparing the
complexity of solving (16), (17) with solving (18), (19)
is not straightforward due to (18), (19) involving a 3-D
kernel K, the power series method that was employed to
solve (18), (19) in Humaloja and Bekiaris-Liberis (2025Db)
shows potential in reducing computational complexity.
In any case, the continuum kernel equations (18), (19)
are independent of m, and hence, inevitably easier to
handle computationally than (16), (17) when n becomes
sufficiently large.

4. DISCUSSION AND OPEN PROBLEMS

We have demonstrated that continuum hyperbolic PDEs
can serve as continuum approximations of large-scale hy-
perbolic PDEs. Technically, the large-scale aspect of the
approximated hyperbolic PDE is not a requirement, but
the computational benefits of continuum approximations
become more apparent for large-scale systems. The key
property of continuum approximations is that the param-
eters of the constructed continuum system (4), (5) are cho-
sen such that they approximate the respective parameters
of the n+1 system (6), (7), i.e., that € in (14) is sufficiently
small. Hence, construction of a continuum approximation
(4), (5) requires a mechanism to construct functions on
the basis of (14), based on given parameters of an n + 1
system and a given € > 0.



Considering the continuum parameter () as an example,
we represent the function as

N
Q) =Y cfr(y),
k=0

for some coefficients ¢ and functions fi for kK =0,..., N.
In (Humaloja and Bekiaris-Liberis, 2025b, Sect. 6), a sim-
ple choice of fx(y) = y* was employed in combination with
least-squares fit for finding the coefficients ¢, based on
the ¢; data, which was directly compatible with the power
series method for solving the continuum kernel equations
(18), (19). However, the functions fi in (25) can be chosen
in countless ways, and it remains an open problem as to
which choice would be, in some sense, optimal for a partic-
ular continuum approximation. In particular, employing
neural networks in constructing continuum approxima-
tions and solving the respective kernel equations is an
interesting topic of future research. On a related note, in
addition to the accuracy as per (14), the constructed con-
tinuum approximation should be, in some sense, simple,
so that it is computationally beneficial over the original
large-scale system.

(25)

Another aspect that may affect the continuum approxi-
mations is the interpretation of a large-scale system as
a continuum system. In Section 2, we introduced the
transform F,,, transforming vectors in R™ to step func-
tions in L2([0,1];R), which resulted in the approximation
condition (14). However, the choice of the transform F,
is by no means unique, nor is the choice of the continuum
space E., which could be alternatively based on another
function space such as L*, or a sequence space, e.g., {2
or {*°. Such alternative frameworks for the continuum
system or transforms alternative to J,, have thus far been
unexplored in the existing literature, as well as the types
of approximation conditions that they may give rise to.
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